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In this work, Båth’s Law, the b-value in Gutenberg–Richter Law (G–R Law) in the form of the 1/b relation-
ship, and both the a- and b-values in the G–R Law were introduced in order to estimate maximum after-
shock magnitudes of earthquake sequences in the Taiwan region. The averaged difference of magnitude
between the mainshock and the maximum aftershock is 1.20, and is consistent with Båth’s Law, however,
with a large uncertainty. The large uncertainty implies that the difference may result from a variable con-
trolled by other factors, such as the aftershocks number of an earthquake sequence and magnitude
threshold for mainshock. With 1/b, since 86% of the earthquake sequences with a M P 6.0 mainshock fol-
low this relationship, the upper bound of the maximum magnitude can be estimated for an earthquake
sequence with a large mainshock. The a- and b-values in the G–R Law was also considered by evaluating
maximum aftershock magnitudes. As there are low residuals between the model and the observations,
the results suggest that the G–R Law is a good index for maximum aftershock magnitude determinations.
In order to evaluate the temporal decays of maximum aftershock magnitudes, modified Omori’s Law was
introduced. Using the approaches mentioned above, the maximum magnitudes and the temporal evolu-
tion of an earthquake sequence could be modeled. Among them, the model of the G–R Law has the best fit
with observations for most of earthquake sequences. It shows its feasibility. The results of this work may
benefit seismic hazards mitigation in the form of rapid re-evaluations for short-term seismic hazards
immediately following devastating earthquakes.

� 2013 Published by Elsevier Ltd.
1. Introduction

Historical experience has indicated that not only mainshocks,
but also subsequent aftershocks may result in seismic hazards.
For example, the Mw 6.3, 21 February 2011 Christchurch, New
Zealand earthquake is regarded as an aftershock of the Mw 7.1, 4
September 2010 Darfield mainshock (Chan et al., 2012). The Christ-
church earthquake caused much more damage and fatalities than
the mainshock. Therefore, understanding the behavior of after-
shocks, in terms of maximum magnitude and temporal evolution,
is a crucial issue for seismic hazards mitigation.

Some of previous studies have investigated maximum magni-
tudes within earthquake sequences. Båth (1965) concluded that
the averaged difference, D1, between the magnitudes of the main-
shock, M0, and the largest aftershock, M1, is, as follows:
D1 ¼ 1:2 ð1Þ

The relationship has been named Båth’s Law, and has become
one of the most referenced characteristics of earthquake se-
quences. However, the relationship does not agree with the results
of subsequent studies. Utsu (1969) indicated that, instead of a con-
stant, D1 is a variable that is larger than the expected value 1/b,
where b can be represented as follows:

b ¼ b � lnð10Þ ð2Þ

where b is the b-value in Gutenberg–Richter’s Law (G–R Law)
(Gutenberg and Richter, 1954), as follows:

logðNÞ ¼ a� bM ð3Þ

where N is the number of events with a magnitude larger than or
equal to the magnitude threshold, M. Based on aftershock se-
quences in Japan, Utsu (1961, 1969) obtained a negative correlation
between D1 and M1, in disagreement with Bath’s Law. This
hypothesis is confirmed by Lombardi (2002), who analyzed the
Southern California catalog and theoretical density function. Be-
sides, based on theoretical density function, Lombardi (2002) found
a smaller D1 for the sequence with a larger aftershock number.
Vere-Jones (1969) and Lombardi (2002) further concluded that a
larger D1 is obtained when a larger magnitude difference between
magnitude threshold for mainshock and magnitude completeness,
Mc, is assumed. Until now, the characteristic of the maximum mag-
nitude in earthquake sequences has remained controversial.
To examine the feasibility of each model for maximum aftershock
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determinations using a comparison with observations, a high-qual-
ity catalog with a large number of earthquakes is desirable.

Taiwan is located in a region with a high amount of seismic
activity and a seismic network of good quality. Due to interactions
between the Eurasia and Philippine Sea Plates in Taiwan the seis-
micity rate is high. The Central Weather Bureau Seismic Network
(CWBSN, Fig. 1) has been in operation since early of 1990s. Arrival
times of P and S waves are selected manually for earthquake loca-
tion and Richter local magnitude (ML) determination in the CWBSN
(Shin, 1993). The CWBSN records approximately 20,000 events
each year in a region of ca. 400 � 550 km (Wu et al., 2008a). There-
fore, in respect to maximum aftershock determinations, Taiwan is
a good candidate region for examining the feasibility of each
model.

The goal of this work was to determine the characteristics of
maximum magnitudes in earthquake sequences in Taiwan. The
relationship between M0 and M1 is first discussed in order to con-
firm the feasibility of Båth’s Law. M1 is then estimated according to
1/b, which can be regarded as the lower bound for D1. Both the a-
and b-values in the G–R Law are further considered for calculating
the maximum aftershock magnitudes. In addition, the temporal
evolutions of the maximum aftershocks are also discussed. Four
Fig. 1. The spatial distribution of the magnitude completeness (Mc) for the Central Wea
the CWBSN stations.
earthquake sequences are introduced and the feasibility of each
model is examined using a comparison with observations.

2. The earthquake catalog and the clustering methodology

Events with a magnitude larger than the magnitude of com-
pleteness, Mc, in the CWBSN catalog were considered for the anal-
ysis. A clustering method was used for extracting earthquake
sequences. In the following, the spatial distribution of Mc and the
clustering methodology are introduced.

2.1. The spatial distribution of Mc

The CWBSN, since the early 1990s, has greatly enhanced the
capability of earthquake monitoring (Wu and Chiao, 2006). To
evaluate the reliability of the catalog, we calculated the spatial dis-
tribution of Mc by using the maximum curvature approach (Wie-
mer and Wyss, 2000). We considered the catalog over the period
between 1993 and 2011 for shallow earthquakes (with a focal
depth 6 30 km), divided our study region into 0.2� � 0.2� grids,
and searched for events that occurred in a circle with a radius of
30 km (Fig. 1). The pattern of Mc simply reflects the density of
ther Bureau Seismic Network (CWBSN) catalog. Triangles represent the locations of
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the seismic stations (triangles in Fig. 1). The number of stations is
highest in northern and southwestern Taiwan, where the Mc is as
low as 1.5. The Mc for the inland region is generally less than 2.0,
whereas in offshore regions, due to poor network coverage, it is be-
tween 2.5 and 3.2. The spatial distribution and the magnitudes
estimated in this study are consistent with those obtained from
the Bayesian magnitude of completeness method (Mignan et al.,
2011). To fulfill the same criteria for our calculations, we re-evalu-
ated Mc according to the catalog.
2.2. Clustering methodology

To extract earthquake clusters for events that are related to one
another in the catalog, the spatiotemporal double-link cluster anal-
ysis was applied (Wu and Chiao, 2006). The approach is modified
from the single-link cluster analysis by Davis and Frohlich
(1991). Events within the spatial and temporal windows of main-
shock will be identified as aftershocks. Other events within the
spatial and temporal windows of identified aftershocks will also
be identified as aftershocks. Repeating such process for many times
can identify the most of the aftershocks in a wide area and longer
period. We set spatial and temporal linking parameters of 5 km
and 3 days, respectively, as commonly used for earthquake cluster-
ing in Taiwan (Wu and Chiao, 2006; Wu and Chen, 2007; Wu et al.,
2008b). Following the clustering approach, a total of 706 earth-
quake sequences are selected for the analysis (Fig. 2).
Fig. 2. The distribution of the 706 investigated sequences in Taiwan, selected by a spatiot
4.0 and focal depths less than 30 km from 1993 to 2011are selected. Large stars represe
3. What factors control the maximum magnitude within a
sequence?

Considering the studied earthquake sequences (Fig. 2), the larg-
est aftershock, M1, of each sequence is observed (the horizontal
component in Fig. 3a). The range of the corresponding M1 is be-
tween 0.0 (no consequent event) and 6.8 (the aftershock of the
1999 Chi-Chi earthquake). In the following, we attempt to fit the
observations with the models mentioned above in order to under-
stand their behavior.
3.1. Båth’s Law

According to Båth’s Law, represented by equation (2), the differ-
ence, D1, between M0 and M1 is a constant. In order to test the fea-
sibility of this law, the D1 of each sequence was evaluated (Fig. 3).
We first considered all of the sequences (all stars in Fig. 2). The D1

of 1.20 is determined (Fig. 3a), corresponding to the conclusions of
Båth (1965). The standard deviation is obtained according to the
comparison between magnitude of mainshocks minus 1.20 ðD1Þ
and magnitudes of maximum aftershocks. The corresponding stan-
dard deviation is 0.73 (dashed lines in Fig. 3a). The relative high
standard deviation implies that some of the sequences may depart
from Båth’s Law. We found that most of sequences with large D1

have small number of events. Among the 93 sequences with D1

above the standard deviation, 51 of them (55%) have a number of
emporal double-link cluster analysis. Earthquakes with a ML greater than or equal to
nt the sequences used for the discussion of temporal evolution.
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Fig. 3. A comparison between the magnitude of the mainshock and that of the
maximum aftershock (a) for each sequence and (b) for the sequence with
aftershocks number larger or equal to 50. The data for the sequences with
M P 6.0 mainshock are presented in gray squares. The average difference between
each with a standard deviation are denoted as solid and dashed lines, respectively.
The data for the Dapu, Nanao, Rueyli, and Chi-Chi sequences are denoted as solid
black squares.
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Fig. 5. The comparison between the observed and modeled magnitudes of the
maximum aftershocks in a sequence with the number of aftershocks larger than 50.
The models were based on the G–R Law. The averaged deviation between the
observations and the models for the 119 sequences was 0.13. The data for the Dapu,
Nanao, Rueyli, and Chi-Chi sequences are denoted as solid black squares.
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events smaller or equal to 5, and 74 of them (80%) have a number
of events smaller or equal to 10. In order to further confirm the
relationship between event number and D1, only the earthquake
sequences with an aftershocks number larger than 50 were
considered (Fig. 3b). A lower D1 (0.74) with a relative smaller
standard deviation (0.52) is determined (Fig. 3b). D1 for the se-
quences with a M P 6.0 mainshock (gray squares in Fig. 3b) were
further evaluated. The D1 of 1.26 with standard deviation of 0.43
is determined.

3.2. The b-value

Based on the statement of Utsu (1969), D1 is larger than the
expected value 1/b. In order to examine the hypothesis, the 1/b
for each earthquake sequence was evaluated (Fig. 4). A maximum
likelihood estimation is used to calculate the b-value. In
consideration the reliability in calculating b-values, earthquake
sequences with aftershocks number larger than 50 are analyzed.
This number corresponds to a relative small standard deviation,
r, of 0.14 when b-value equal to 1.0 according to the relation
(Aki, 1965):

r ¼ bN�1=2 ð4Þ

Considering this qualification, there are 119 sequences for the
analysis. Fifty-six percent (67 of 119) of the sequences have a
lower 1/b in comparison to D1. When only the sequences with a
M P 6.0 mainshock (gray squares in Fig. 4) were considered, 86%
(12 of 14) of the sequences have a lower 1/b. The results might im-
ply that only the sequences with large mainshock correspond to
the conclusion of Utsu (1969).
3.3. The G–R Law

In addition to the b-value, the a-value in the G–R Law (Eq. (3))
was also introduced in order to determine the maximum after-
shock magnitude. It was assumed that M1 is obtained when N
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is equal to 1 (i.e. M1 ¼ a
b). To compare the modeled M1 with the

observed one for each sequence (Fig. 5), the consistency between
each is confirmed by the relatively low averaged deviation of
0.13.
4. Case studies for modeling the temporal evolution of
aftershock magnitudes

The approaches outlined above have been proposed for model-
ing maximum magnitudes in sequences. In the following we eval-
uate the temporal distribution in a sequence. For estimating the
seismicity rate, n(t), that decays with time, t, we considered the
modified Omori’s Law of Utsu (1961) and Utsu et al. (1995), which
can be denoted as follows:

nðtÞ ¼ k
ðc þ tÞp

ð5Þ

where k, c, and p are constants. In this study, the three parameters
for each sequence were obtained using a best fit with the observa-
tions. The total number of aftershocks, N1, following time t1 are pre-
sented, as follows:
N1 ¼
Z tend

t1

k
ðc þ tÞpdt

; ð6Þ

where tend is the time for the end of sequence. We evaluated the ra-
tio of N1 to N for various periods then modeled the decay of maxi-
mum aftershocks magnitudes by assuming a variable a-value and a
fixed b-value for the G–R Law. We modeled the temporal evolution
of aftershock magnitudes for the 1993 Dapu, 1994 Nanao, 1998
Rueyli, and 1999 Chi-Chi earthquake sequences (Chan and Ma,
2004).

4.1. The 1993 Dapu earthquake sequence

To model the spatial and temporal distribution of the 1993
Dapu sequence, the G–R Law (Fig. 6a) and modified Omori’s Law
(Fig. 6b) were introduced. Based on the magnitude of the main-
shock (ML = 5.7) and Båth’s Law, that D1 = 1.2, M1 is expected to
be 4.5. Based on the b-value of 0.61 (Fig. 6a) and the 1/b relation-
ship, M1 is expected to be smaller than 5.0. According to the mod-
eled a- and b-values in the G–R Law are 3.24 and 0.61, respectively.
The M1 is expected to be 5.3 (Table 1). As comparison to the ob-
served M1 (4.6), the Båth’s Law relationship performs best.



Table 1
The source parameters for the mainshocks of the four sequences that were considered
for the discussion of the temporal evolutions of aftershock magnitudes. The observed
and modeled M1, as well as the residual for temporal evolution based on the three
approaches, are presented.

Earthquake Dapu Nanao Rueyli Chi-Chi

Origin time
Year 1993 1994 1998 1999
Month 12 6 7 9
Day 15 5 17 20
Hour 21 1 4 17
Minute 49 9 51 47
Second 43.10 30.09 14.96 15.85

Location
Longitude (�) 120.52 121.83 120.66 120.81
Latitude (�) 23.19 24.46 23.50 23.86
Depth (km) 12.5 5.3 2.8 8.0

Mainshock magnitude (ML) 5.7 6.5 6.2 7.3

Max. magnitude
Observation 4.6 5.1 4.5 6.8
Båth 4.5 (�0.1) 5.3 (+0.2) 5.0 (+0.5) 6.1 (�0.7)
1/b 5.0 (+0.4) 6.0 (+0.9) 5.5 (+1.0) 6.8 (0.0)
G–R 5.3 (+0.7) 5.9 (+0.8) 5.4 (+0.9) 7.3 (+0.5)

Residual for temporal evolution
Båth 0.87 0.55 0.47 0.45
1/b 0.44 0.36 0.54 0.39
G–R 0.35 0.32 0.41 0.76
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According to the date of the last event in the Dapu sequence (8
January 1994), tend is 24 days. Based on the modeled modified
Omori’s Law (Fig. 6b), N1 can be evaluated as a function of t1

according to equation (6). By assuming a variable a-value and a
fixed b-value, the temporal decay of M1 can be evaluated. For
example, when t1 = 4.9 days, N1 becomes 1/4.07 times the value
from the beginning of the sequence. The a-value becomes 3.24-
log (4.07) = 2.63. Considering the b-value of 0.61, the M1 for this
moment will be 1 unit smaller than when it was in the beginning.
Based on this procedure, the temporal evolution for M1 can be
modeled, using Båth’s Law, 1/b, or the modeled a- and b-values
in the G–R Law, (Fig. 6c). As compared with the observation (the
thinnest line in Fig. 6c) that represents M1 for each time point until
the end of the sequence, all three of the approaches can model the
trend of decay.

4.2. The 1994 Nanao earthquake sequence

For the 1994 Nanao earthquake sequence, based on the magni-
tude of the mainshock (ML = 6.5) and Båth’s Law, M1 is expected to
be 5.3; based on the b-value of 0.84 and the 1/b relationship, M1 is
expected to be smaller than 6.0; and based on the modeled a- and
b-values (3.24 and 0.61, respectively) in the G–R Law, M1 is ex-
pected to be 5.9 (Table 1). As comparison to the observed M1

(5.1), Båth’s Law relationship performs best.
According to the date of the last event in the Dapu sequence (31

August 1995), tend is 87 days. Based on the modeled modified
Omori’s Law (Fig. 7b), the temporal evolution for the magnitudes
of maximum aftershocks can be modeled according to those ap-
proaches mentioned above (Fig. 6c).

4.3. The 1998 Rueyli earthquake sequence

For the 1998 Rueyli earthquake sequence, based on the magni-
tude of the mainshock (ML = 6.2) and Båth’s Law, M1 is expected to
be 5.0; based on the b-value of 0.65 and the 1/b relationship, M1 is
expected to be smaller than 5.5; and since the modeled a- and
b-values in the G–R Law are 3.49 and 0.65, respectively, M1 is ex-
pected to be 5.4 (Table 1). As comparison to the observed M1

(4.5), Båth’s Law relationship performs best.
According to the date of the last event in the Rueyli sequence

(13 August 1998), tend is 27 days. Based on the modeled modified
Omori’s Law (Fig. 8b), the temporal evolution for the magnitudes
of maximum aftershocks can be modeled according to those three
approaches (Fig. 6c).

4.4. The 1999 Chi-Chi earthquake sequence

For the 1999 Chi-Chi earthquake sequence, based on the magni-
tude of the mainshock (ML = 7.3) and Båth’s Law, M1 is expected to
be 6.1; based on the b-value of 0.85 and the 1/b relationship, M1 is
expected to be smaller than 6.8; and based on the modeled a- and
b-values in the G–R Law are 6.26 and 0.85, respectively, M1 is ex-
pected to be 7.3 (Table 1). As comparison to the observed M1

(6.8), the 1/b relationship performs best.
According to the date of the last event in the Chi-Chi sequence

(5 May 2000), tend is 151 days. Based on the modeled modified
Omori’s Law (Fig. 9b), the temporal evolution for the magnitudes
of maximum aftershocks can be modeled according to those three
approaches (Fig. 9c).

4.5. Summary of the four cases

We compared the observed maximum aftershock magnitudes
with modeled ones using different approaches and found that
Båth’s Law relationship performs best in the Dapu, Nanao, and Rue-
yli sequences. In the Chi-Chi case, modeled M1 based on the 1/b
relationship fits the observed one best. Note that based on the
statement of Utsu (1969), D1 is larger than the expected value 1/
b. Thus all of the four sequences obey this statement.

The temporal evolution for the magnitudes of maximum after-
shocks are modeled and compared with the observations for the
four sequences (Figs. 6c, 7c, 8c, and 9c). We compared the observa-
tions and the models and reported the averaged residuals (Table 1).
The models of the G–R Law has the best fitting with observations in
the Dapu, Nanao, and Rueyli sequences. In the Chi-Chi case, the 1/b
relationship presents least averaged residual. It has the best
performance.
5. Discussion and summary

5.1. The feasibility of the models for determining maximum magnitude
in a sequence

In this study, Båth’s Law, the 1/b relationship, and the G–R Law
were introduced in order to model the maximum magnitude of
earthquake sequences in Taiwan. All of the approaches demon-
strated their feasibility within the range of uncertainty. The D1 is
1.20 when all of the earthquake sequences are considered
(Fig. 3a). It is consistent with the conclusion of Båth (1965). How-
ever, a large deviation of 0.73 implies that the difference may re-
sult from a variable. In other words, D1 is also controlled by
other factors, such as number of aftershocks (Lombardi, 2002),
the magnitude threshold for mainshock (Vere-Jones, 1969; Lom-
bardi, 2002), and/or b-value in the G–R Law (Utsu, 1969; Lombardi,
2002).

We also clarify the factors that control D1. A relatively lower D1

of 0.74 is determined when the earthquake sequences with an
aftershocks number larger than 50 are analyzed (Fig. 3b). Such re-
sult suggests a larger aftershocks number leads to a smaller D1. It
corresponds to the conclusions of Lombardi (2002). The factor of
different thresholds for mainshocks is also discussed. When the
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sequences with a M P 6.0 mainshock are analyzed (the gray
squares in Fig. 3b), the D1 of 1.26 is obtained. It represents a signif-
icant higher D1 in comparison with result from those of the se-
quences with a M P 4.0 mainshock (all squares in Fig. 3b). This
result suggests that a larger difference between magnitude thresh-
old for mainshock and Mc brings a higher D1. It corresponds to the
conclusions of Lombardi (2002) and Vere-Jones (1969).

The correlation between D1 and the b-value in the form of the 1/
b relationship is also discussed (Fig. 4). It shows only 56% of the se-
quences has a larger D1 than1/b. It does not fully agree with the
statement of Utsu (1969). However, when the sequences with a
M P 6.0 mainshock (gray squares in Fig. 4) are analyzed, 86% of
them follow the statement. These results might be attributed to
the following two reasons: (1) only the sequences with large main-
shocks follow this relationship; or (2) according to the conclusions
of Lombardi (2002) and Vere-Jones (1969), a larger difference be-
tween magnitude threshold for mainshock and Mc results in a
higher D1.

The G–R Law also provides an evaluation for the maximum after-
shock magnitude (Fig. 5). According to the low deviation of 0.13 be-
tween the models and the observations, the G–R Law can be an ideal
index for maximum aftershock magnitude determinations.
5.2. The temporal evolution of maximum magnitude in earthquake
sequences

The modified Omori’s Law is applied in order to model the tem-
poral evolution of seismicity rate in an earthquake sequence. Con-
sidering maximum aftershocks through Båth’s Law, the 1/b
relationship, or the modeled a- and b-values in the G–R Law, the
maximum aftershock magnitude as function of time can be evalu-
ated. To test the feasibility, we applied to the 1993 Dapu (Fig. 6),
1994 Nanao (Fig. 7), 1998 Rueyli (Fig. 8), and 1999 Chi-Chi
(Fig. 9) earthquake sequences, respectively. The model of the G–R
Law has the best fitting with observations for three of the four se-
quences (Table 1). It shows its feasibility.

5.3. The difficulty of modeling the occurrence of consequent large
earthquakes

In this study, we evaluated possible maximum magnitudes in
aftershock sequences. We assumed consequent earthquakes are
smaller than the first event in a sequence. However, the conse-
quent earthquakes sometimes are larger than the first one. For
example, on 9 March 2011 a Mw 7.4 earthquake took place in the
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offshore region of the Pacific coast of Tohoku, Japan (Nettles et al.,
2011). Since the epicenter was away from land, the resulting dam-
age was negligible. However, 51 h later, on March 11th, a giant
earthquake with a Mw 9.1 took place and resulted in disasters in Ja-
pan. Thus, it is desired to evaluate possibility of the next larger
earthquakes in an earthquake sequence for seismic hazard
mitigation.

However, all three of the approaches are less user-friendly for
evaluating the probability of consequent earthquakes with larger
magnitudes (i.e. when the first earthquake becomes a foreshock).
Based on the approaches of Båth’s Law and the 1/b relationship,
the maximum magnitude in a sequence is assumed to be smaller
than the magnitude of the first event. Based on the G–R Law, the
modeled magnitude of a sequence could be larger than that of
the mainshock when a large a-value and/or a small b-value are ob-
tained. Alternatively, foreshock–mainshock behaviors can be mod-
eled in the form of physics-based or statistics-based approaches.
For example, Chan et al. (2010, 2012), Chan and Wu (2012) consid-
ered the Coulomb stress change imparted by earthquakes and the
rate-and-state friction model in order to evaluate the seismicity
rate evolution. Based on this approach, the occurrence probabilities
for different magnitudes can be estimated. Additionally, the Time–
space Epidemic Type AfterShock model (known as the ETAS model
by Kagan and Knopoff, 1978) is an alternative. Based on this model,
every earthquake is assumed to be a mainshock that can trigger
subsequent events that could be larger than the mainshock.

5.4. A possible application in near real-time

Based on the approaches proposed in this study, the maximum
aftershock magnitudes and their temporal evolutions can be mod-
eled. The obtained results may be of benefit to decision-makers for
seismic hazards mitigation. For example, a rapid evaluation for the
short-term seismic hazards immediately following devastating
earthquakes could provide information on devastation estimations,
emergency response, and/or victim sheltering. Therefore, an ap-
proach that can be applied in real-time or near real-time following
the occurrence of a large earthquake is desirable. Since it assumes a
constant magnitude difference between the mainshock and the
maximum aftershock, Båth’s Law could be applied immediately
following an earthquake. The 1/b relationship may also be applied
in real-time based on the assumption of a temporal-stationary
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b-value. In practice, once a database for the spatial distribution of
b-values has been established, the corresponding magnitude of the
maximum aftershock can be obtained immediately following the
occurrence of the mainshock.
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